Black p-brane solutions for a wide class of intersection rules and Ricci-flat "internal" spaces are considered. They are defined up to moduli functions H s obeying non-linear differential equations with certain boundary conditions imposed. A new solution with intersections corresponding to the Lie algebra C 2 is obtained. The functions H 1 and H 2 for this solution are polynomials of degree 3 and 4.
Introduction
The paper is devoted to black-brane solutions with (next to) arbitrary intersections (see Section 2) [1, 2, 3, 4] . These black-brane solutions are governed by moduli functions H s = H s (R) obeying a set of second order non-linear differential equations with some boundary relations imposed.
Some general features of the black-brane solutions were investigated earlier in [15] . More general spherically symmetric (and cosmological solutions) were obtained in ref. [5] using the sigma-model approach and the Lagrange representation from refs. [6, 13] .
In [1] the following conjecture was suggested (see Section 3): the moduli functions H s are polynomials when intersection rules correspond to semisimple Lie algebras. This conjecture was confirmed by special black-brane "block-orthogonal" solutions considered earlier in [14, 16, 18] (subsect. 3.1). It was verified also for A m and C m series of Lie algebras in [2, 3] . An analogue of this conjecture for extremal black holes was considered earlier in [11] .
An example of black brane solution corresponding to Lie algebra A 2 = sl(3) was considered earlier in refs. [1, 2] , where some dyonic configurations (e.g. in 11-dimensional supergravity) were considered. The A 2 -solution is governed by two polynomials H 1 and H 2 of degree 2. The coefficients of polynomials and charges are functions of some parameters P 1 and P 2 and have a rather simple form (subsect. 3.1). It seems that A 2 -solution is the only one that may be obtained "by hands": the search of solutions for other Lie algebras needs computer calculations.
Here we present a first non-trivial result of such calculations, i.e. a new solution corresponding to the Lie algebra C 2 governed by polynomials of degree 3 and 4 (subsect. 3.3). The coefficients of polynomials exhibit a nontrivial dependence upon parameters P 1 and P 2 , namely: a non-trivial term ∆, that is a square root of a polynomial of degree 4, appears.
p-brane black hole solutions
Consider a model governed by the action
where
is a n a -form (n a ≥ 1), λ a is a 1-form on
Here △ is some finite set. In the models with one time all θ a = 1 when the signature of the metric is (−1, +1, . . . , +1).
Let us consider (black-brane) solutions to field equations corresponding to the action (1) from [1, 2, 3] . These solutions are defined on the manifold
and have the following form
where f = 1 − 2µ/Rd,
Here
i is a Ricci-flat metric on M i , i = 3, . . . , n and δ iI = j∈I δ ij is the indicator of i belonging to I: δ iI = 1 for i ∈ I and δ iI = 0 otherwise. Here g 2 = −dt ⊗ dt, and
v = e, m and Ω a,e , Ω a,m ⊂ Ω, where Ω = Ω(n) is the set of all non-empty subsets of {2, . . . , n}, i.e. all p-branes do not "live" in M 1 . Any p-brane index s ∈ S has the form s = (a s , v s , I s ), where a s ∈ △, v s = e, m and I s ∈ Ω as,vs . The sets S e and S m define electric and magnetic p-branes, correspondingly. In (5) χ s = +1, −1 for s ∈ S e , S m , respectively. All p-branes contain the time manifold M 2 = R, i.e.
All manifolds M i , i > 2, are oriented and connected and
are volume d i -forms, where
The forms F s correspond to electric and magnetic p-branes for s ∈ S e , S m , respectively. In (8) we use the notationĪ = {1, . . . , n} \ I.
The parameters h s appearing in the solution satisfy the relations: h s = (B ss ) −1 , where
Here we assume that (i)B ss = 0, s ∈ S, and (ii)det(B ss ′ ) = 0, i.e. the matrix (B ss ′ ) is a non-degenerate one.
Let us consider the matrix
Here some ordering in S is assumed. The functions H s = H s (z) > 0, z = 2µ/Rd ∈ (0, 1), obey the equations
equipped with the boundary conditions
. More explicitly eq. (18) The solutions are valid if the following restriction on the sets Ω a,v is imposed. This restriction guarantees the block-diagonal structure of the stress-energy tensor. We denote w 1 ≡ {i|i ∈ {2, . . . , n}, d i = 1} and n 1 = |w 1 | (i.e. n 1 is the number of 1-dimensional spaces among M i , i = 2, . . . , n). It is clear, that 2 ∈ w 1 .
Restriction. Let 1a) n 1 ≤ 1 or 1b) n 1 ≥ 2 and for any a ∈ △, v ∈ {e, m}, i, j ∈ w 1 , i = j, there are no I, J ∈ Ω a,v such that i ∈ I, j ∈ J and
This restriction is satisfied in the non-composite case: |Ω a,e | + |Ω a,m | = 1, (i.e when there are no two p-branes with the same color index a, a ∈ △.) The restriction forbids certain intersections of two p-branes with the same color index for n 1 ≥ 2.
The solution under consideration describes a set of charged (by forms) overlapping black p-branes "living" on submanifolds of M 2 × . . . × M n .
Examples of solutions 3.1 "Block-orthogonal" solutions
The simplest polynomial solutions occur in orthogonal case [8, 9, 10, 12, 13] , when
for s = s ′ , s, s ′ ∈ S. In this case (A ss ′ ) = diag(2, . . . , 2) is a Cartan matrix for semisimple Lie algebra A 1 ⊕ . . . ⊕ A 1 and
with P s = 0, satisfying
s ∈ S. For positive parameters P s > 0 we get negative B s < 0.
In [14, 16, 18] this solution was generalized to the "block-orthogonal" case:
S i = ∅, i.e. the set S is a union of k non-intersecting (non-empty) subsets S 1 , . . . , S k , and relation (19) is satisfied for all s ∈ S i , s ′ ∈ S j , i = j; i, j = 1, . . . , k. In this case eq. (20) is modified as follows
(A ss ′ ) = (A ss ′ ) −1 and parameters P s are coinciding inside blocks, i.e. P s = P s ′ for s, s ′ ∈ S i , i = 1, . . . , k. Parameters P s = 0 satisfy the relations (21) and parameters B s are also coinciding inside blocks, i.e. B s = B s ′ for s, s ′ ∈ S i , i = 1, . . . , k.
Let (A ss ′ ) be a Cartan matrix for a finite-dimensional semisimple Lie algebra G. In this case all powers in (24) are natural numbers coinciding with the components of twice the dual Weyl vector in the basis of simple roots [19] , and hence, all functions H s are polynomials, s ∈ S.
Conjecture [1] . Let (A ss ′ ) be a Cartan matrix for a semisimple finitedimensional Lie algebra G. Then the solution to eqs. (15)- (17) (if exists) is a polynomial
where P (k) s are constants, k = 1, . . . , n s , the integers n s = b s are defined in (24) and P (ns) s = 0, s ∈ S. This conjecture was verified for A n and C n series of Lie algebras [2, 3] . In the extremal case µ = +0 an a analogue of this conjecture was suggested previously in [11] .
Solution for A 2 algebra
Here we present the polynomial solution from [1, 2] corresponding to the Lie algebra A 2 = sl(3) with the Cartan matrix
The moduli polynomials read in this case as follows
where P s = P (1) s and P (2) s = 0 are constants and
s = 1, 2. Here P 1 + P 2 + 2 = 0. In the A 2 -case the solution is described by relations (4)- (8) with S = {s 1 , s 2 } and intersection rules following from (13), (14) and (26) 
where K = 0 and functions H s i = H i are defined by relations (27)-(29) with
Here and in what follows λ · λ ′ = λ α λ ′ β h αβ .
Solutions for C 2 algebra
Now we present the solution related to the Lie algebra C 2 = so(5) with the Cartan matrix
According to Conjecture we seek the solution to eqs. (15)- (17) in the following form
are constants, s = 1, 2. Here we outline the result. For B s -parameters we get the following relations
and for parameters P (k) s we obtain
4P
(2) 1
It may be verified that B 1 < 0 and B 2 < 0 for P 1 > 0, P 2 > 0.
The C 2 black-brane solution is described by relations (4)- (8), with S = {s 1 , s 2 }, and intersection rules following from (13), (14) and (32)
where K = 0 and functions H s i = H i are defined by relations (33) and (34) with z = 2µR −d , i = 1, 2. A simple test for verification of the relations for H s -functions is to put P 1 = 3P and P 2 = 4P with P > 0. In this case we a get a special "blockorthogonal" solution
in agreement with the relations (23) and (24).
Conclusions
In this paper we presented a new black-brane solution with two branes and intersection rule corresponding to the Lie algebra C 2 . The solutions is governed by polynomials of degree 3 and 4 and the coefficients of polynomials exhibit a non-trivial dependence upon the parameters P 1 and P 2 , due to appearance of the non-trivial term ∆ (see (42)). The C 2 -solution differs drastically from the A 2 -one, that has a rather simple analytical structure. This means that the polynomial solutions for other A n -algebras (n > 2) should be also non-trivial. Indeed, the C 2 -solution may be extended to a special A 3 -one, if we impose a restriction on the moduli polynomials H 1 , H 2 , H 3 of the following form: H 1 = H 3 . (Thus, here we obtained by product a special A 3 black-brane solution.) It should be noted that A, D, E (or simply laced) Lie algebras are of much interest, since they appear for p-brane intersection rules in supergravitational models [13] . Another topics of interest are related to black-brane thermodynamics (e.g. relations for the entropy, the Hawking temperature etc) and analysis of post-Newtonian effects. On this way one may expect to clarify the appearance of the function ∆ in the solution. But the main (mathematical) problem here is to find the polynomial solutions for all Lie algebras. This problem seems to be a very difficult one and may be of interest for mathematicians dealing with polynomials (e.g. appearing in non-linear ordinary and partial differential equations), Lie algebras, number theory etc.
